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ABSTRACT 
Spherical functions are shown to organize and unify previous work on generalized 
matrix functions and symmetry classes *of tensors. At the same time, new areas of 
investigation are suggested. 
INTRODUCTION 
Let H be a subgroup of the finite group G. Let x (respectively h) be an 
irreducible complex character of H (respectively G). The spherical function 
qhX is a complex valued function of G defined by 
g E G. [The notation differs from that of most authors by the factor x(id).] 
These functions have been investigated in the more general setting of 
compact subgroups of locally compact groups by I. M. Gelfand, R. Gode- 
ment, and Harish-Chandra. Spherical functions on finite groups have been 
studied by Gallagher and Travis. It is the main purpose of this note to 
explore the applications of spherical functions to generalized matrix func- 
tions and to symmetry classes of tensors. 
*The work leading to this article was supported in part by the National Science Foundation 
under grant MCS 7805946. 
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I. SPHERICAL FUNCTIONS ON FINITE GROUPS 
Spherical functions inherit many of the properties of irreducible char- 
acters, e.g., q,,x(g-l)= Cpx,,( g) and (~~,~(h-‘gh)= Q+,~( g), for all gE G and 
h E H. Moreover, we have the following “orthogonality relations”: 
(~x,x>~x~,x~)c= ~A,A~~x.x~ (WH’ (1) 
PC= c 
AEq(G) xE4(H) 
(2) 
where Y (G) is the set of irreducible characters of G and pc is the character 
of the left regular representation of G. It follows from these observations [28] 
that 
and 
z= c hiid)vA,x 
hG4(G) did) 
(4) 
where ji is the function of G which equals [G : H]x on H and is equal to zero 
off H. Finally, we point out that qhX is identically zero if and only if 
(x33,,=@ 
Consider the element 
X(id) 
t(G,X)= - 
o(G) gzc;x:g)g-l (5) 
of the complex group algebra CG. Then t(G, A) is a central idempotent 
which spans the simple two sided ideal to which X corresponds. We define 
t( H, x) similarly, but think of it as an element of CG. 
THEOREM 1. The following are equivalent: 
(i) The restriction of X to H is a multiple of x (i.e., A(, =h(id)x/x(id)). 
jii))~~&tX(H.x)= t(G>V. 
111 Ax- . 
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Proof. (i)-(iii) from (3). 
(ii)@(iii): 
t(GJ)t 
hjid) 
(HJ) = o(G) 
x(id) 
o(H) hzHhi gh-‘)x(h) 
E 
def 
= t(G>‘P& 
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(6) 
The conclusion follows from the linear independence of g E G. 
(iii)+(i): Since qx,x( g) = h( g), g E G, take g= id. Writing out the result, 
we have x(id)(x,h), = h(id). n 
The equivalence of (i) and ( iii in Theorem 1 is essentially contained in ) 
[28, Theorem 11. The connection between (r) and (ii) was investigated in [l], 
[lo], and [13, Theorem 3.21. 
II. GENERALIZED MATRIX FUNCTIONS 
We assume now that G is a subgroup of S,,,, the full symmetric permuta- 
tion group. If A = (a,/) is an m by m matrix, the generalized matrix function 
of A afforded by G and h is 
d,G (A) = x x(g) fi atg(t). (7) 
gEG t=1 
Of course, determinant and permanent are examples. These functions were 
invented by I. Schur to improve the Fischer inequality [27, 12, 5, 241. 
We define the spherical matrix function of A afforded by G, A, H, and x 
bY 
d; (A) = x n,x( d fi atgw. (8) 
gEG t=1 
Of course, (8) reduces to (7) if the restriction of X to H is a multiple of x (in 
particular if G = H and A = x). 
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THEOREM 2. Let A he un m by m matrix. Then 
d?(A)= c d&(A) (9) 
x=‘J(H) 
and 
Proof. Immediate from (3))(4). n 
LEMMA. Let g+A(g)=(ui/( g)) b e un irreducible representation of C 
which affords X. Assume that the restriction of A to H is fully reduced and 
that the first (X,X)~ components of A[, afford x. Let r=x(id)(x,h),. Then 
Q&k)= **Ia&$ 
In purticular, q)h,x (h)=(x,h),x(h) for all hEH. 
Proof. 
h(id) 
= 
c o( ‘ii g 
i,i= 1 
= i*l ‘ii ( g) 
by the orthogonality relations (see, e.g., [23, p. IS]). 
It follows from the Lemma that the function (8) belongs to a class 
previously studied in [19], [22], and [16]. In particular, d:(A) > 0 for all 
positive semidefinite Hermitian matrices A (write A > 0). This observation is 
crucial for the rest of this section and the next. 
We now illustrate the power of spherical matrix functions by using them 
to provide short proofs of three known results: 
COROLLARY 1 [15, Corollary 21. Zf A > 0, then 
[G : H]x(id)d,” (A) > c A(id)d,G (A), (11) 
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where the summation is over all irreducible characters A of G whose 
restriction to H is a multiple of x. Equality holds for all A > 0 if and only if 
(~,h)~#0 implies (x,h),=h(id)/x(id) for all hug. 
Proof. Delete from the right hand side of (10) all h for which (x,X), # 
A(id)/x(id). Apply Theorem 1 to obtain the inequality. If (x,h),#O =+ 
(x, h)H =h(id)/x(id), th en only identically zero terms have been deleted from 
(10) and equality still holds. Conversely, observe that dz,, (I) = g+x(id) = 
x(id)(x,h),. In particular, those terms in (10) which are not identically zero 
are positive when A = 1. Equality for A = I in (11) therefore implies that only 
identically zero terms could have been deleted from (10). n 
COROLLARY 2 [ 18, Theorem I]. Zf A > 0, then 
[G : H]x(id)d,” (A) < 2 X(id)dF (A), (12) 
where the summation is over all irreducible characters A of G whose 
restriction to H contain x as a component. Equality holds for all A > 0 if and 
only if (x,X),#O implies (x,X),=X(id)/x(id) for all XE~(G). 
Proof. From (9), 
d^” (A) > d& (AL (13) 
for every xE$(H) and X E 4 (G). By Theorem 1, equality holds in (13) if 
h], = A(id)x/x(id). The inequality (12) now follows from (10) and the fact 
that ‘px,x ~0 if (h, x)~ = 0. Moreover, equality holds in (12) if hi, = 
X(id)x/x(id) whenever (A, x)~ # 0. Conversely, if XI, = h(id)x/x(id) 
whenever (x, h)H # 0, then Corollary 2 equals Corollary 1. n 
COROLLARY 3 [18, Theorem 21. Zf A > 0, then 
h(id)dF (A) <[ G:H] x x(id)d: (A), (I4 
where the summation is over those distinct x E 4 (H) such that (X,X)~#~. 
Equality holds for all A > 0 if and only if for every XE 4(H), (A,x)~#O 
implies that (~,x)~=O f or every irreducible character 77 of G different from 
A. 
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Proof. If A > 0, it follows from (10) that 
X(id) [ G: HII”: (A) > h(id)d& (A). (15) 
Equality holds in (15) f or all A > 0 if and only if (~,x)~ =0 for every 
irreducible character 17 of G different from X. The result follows from (9). 
III. SPHERICAL MATRIX FUNCTIONS 
In this brief section we study the function (1: for its own sake. As we 
have already observed, dz falls in a class of functions studied earlier. In 
particular, it follows from [19, Corollary l] that 
Id; (R*A)]‘< cl,” (A*A)cI,G (B*B) (16) 
for all m-square matrices A and B and all 9, = vh,x. Taking B = I in (16) and 
combining with (13), we obtain 
I&& (A)(‘< x(id)(kx)l,l”x” (A*A) 
(17) 
for every m-square matrix A. [A weaker but more attractive inequality can 
be derived by observing that x(id)(X,x),, < h(id).] Specializing in (17) to the 
case G = H, h = x, h(id) = 1 gives half of [12, (3.6)]. 
Similarly, a direct combination of (13), (15), and (16) yields 
an inequality resembling [22, Theorem 21. Taking B = I in (18) results in 
Id& (A)/‘$x(id)[ G:H]df(A*A). (1% 
[A better but less attractive inequality can be obtained by taking B = I in 
(16) and combining with (15).] 
Our final effort in this section will be to generalize the other half of [12, 
(3.6)1. 
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THEOREM 3. Let A be a normal matrix with eigenvalues e,, . . . , e,. Then 
Id; (A)1 < X(id)(nX’X)H i 
t=1 
letIn. 
The proof of this result exactly parallels that of [14, Theorem 41, which in 
turn is based on techniques developed in [12]. (See also [5, Theorem 4.11.) 
Since it is longish, we omit it. 
IV. A CLASS OF REPRESENTATIONS 
OF THE FULL LINEAR GROUP 
Let g V be the mth tensor power of the complex, n-dimensional vector 
space V. For g E S,,, denote by P ( g - ‘) the linear operator on 6 V which 
has the effect P( g-‘)c,@ . . . @3q,, = o~~~,CTJ. . . @ugc,,,, 0% decomposable 
tensors. Then g+P( g) is a homomorphism of S, into GL( @ V), the group 
m 
of nonsingular operators on @ V. Extend P linearly to a homomorphism 
from the group algebra CS, into the algebra Hom( 5 V, g V) of linear 
operators on $ V. Define T(G, h) = P(t(G,h)) and T(G, (P~,~) = 
P( t( G,cph,x)). It follows from (1) or (6) that T(G,v,,,) is a projection onto 
its range V(x,XJ. [It . is well known that T( G,X) is a projection onto its range 
V,(G).] It follows from (2) that 
&J= c V(h,X)~ (29) 
(h,X)ES(G)XS(H) 
the sum being direct. If G= H, (20) becomes 
gV= x V,(G), (21) 
hE9(G) 
a result obtained in [5], [25], and [29]. In fact, (21) is equivalent to 
C T( G, A) = I. Therefore Z = zT(G, h)ZT(H, x) = CT(G, X)T(H, x) = 
2 T(G,(P~,~). In particular, (20) follows from (21). Indeed, 
V,,,,=V,(G)n V,(H). (22) 
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Suppose now that L E Hom( V, V). Let 
L’“)EHom( G V, g V) 
denote the mth tensor power of L, i.e., L(")(a,@ . . . 63’~~) = (Lc,)@ . . 63 
(Lc,,,). Then L+L Cm) is a representation of GL( V). Since L(“‘) commutes 
with P(g), gE&,,, it follows that L(“) commutes with the projections 
T(G,qh,x). In particular, Vcx,xJ is an invariant subspace of L(“), and (20) 
yields a partial reduction of L --+Ltm) which, in view of (22) is finer than (21). 
If we denote by K,(L) the restriction of L(“) to V,(G), the representation 
L+K,(L) has been the object of recent study [2, 4, 17, 20, 261. 
Let Kc+,(L) denote the restriction of Li’“’ to Vex,,,. Then L-+Kcx,,,(L) is 
a representation of GL( V) which is a component of K,. We ask when Kch,x, 
is an irreducible representation of GL( V). To answer this question, we 
define C,, to be the set of irreducible characters [ of S,,, such that V( (S,,,) # 0. 
The set C, was determined in [21]. If m < n( = dim V), C, = g (S,,,). 
THEOREM 4. The number of irreducible components of the representa- 
tion KCx,,) of GL( V) is 
(23) 
Proof Let g-+A ( g) = ( aii ( g)) b e a representation of G which affords h. 
Consider 
1 < i < X(id). By the orthogonality relations for elements of an irreducible 
representation [23, p. 161, { T,(G,A) : 1 Q i < X(id)} is a set of annihilating 
idempotents which sum to T(G,X). By taking traces, one finds that the rank 
of T,(G,A) is independent of i. Since L(“) commutes with P(g), gE S,, the 
range of T,(G,A) is an invariant subspace of the representation L+L(“‘). It 
follows from the lemma in Sec. II that Kj, x) decomposes into x(id)(h,~)~ 
components. It was proved in [17] that ehdh of these components further 
reduces into exactly 
pieces. n 
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For each h E G, let A* denote the character of S, induced by h [3]. 
COROLLARY 4. Zf m < n, then KC, x, is irreducible if and only if x(id) = 
(A, x)~ = 1 and h* is an irreducible chhracter of S,. 
Proof. By the Frobenius reciprocity theorem, 
if and only if A* is irreducible. H 
The referee suggests that it might be possible to improve Corollary 4 
along the lines of [Z] and [26], i.e., to actually list all m, n, G, H, A, and x 
which give rise to an irreducible KCh,xj. 
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